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Meson-baryon bound states in a„2¿1…-dimensional strongly coupled lattice QCD model

Antônio Francisco Neto*
Departamento de Fı´sica e Informa´tica, IFSC-USP, C.P. 369, 13560-970 Sa˜o Carlos, SP, Brazil

~Received 6 May 2004; published 18 August 2004!

We consider bound states of a meson and a baryon~meson and antibaryon! in lattice QCD in a Euclidean
formulation. For simplicity, considering the1 parity sector we analyze an SU(3) theory with a single flavor in
211 dimensions and two-dimensional Dirac matrices. We work in the strong coupling regime, i.e., in a region
of parameters such that the hopping parameterk is sufficiently small andk@g0

22, whereg0
22 is the pure gauge

coupling. There is a meson~baryon! particle with asymptotic mass22 ln k (23 ln k) and an isolated disper-
sion curve. Here, in a ladder approximation, we show that there is no meson baryon~or meson-antibaryon!
bound state solution to the Bethe-Salpeter equation up to the meson-baryon threshold (;25 ln k). The ab-
sence of such a bound state is an effect of a spatial range-one repulsive potential that is local in space at order
k3, i.e., the leading order in the hopping parameterk.

DOI: 10.1103/PhysRevD.70.037502 PACS number~s!: 12.38.Gc, 11.10.St, 11.15.Ha, 24.85.1p
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In quantum chromodynamics~QCD!, it is fundamental to
establish on a rigorous basis the low energy-momen
~e-m! spectrum of particles and their bound states, and
particular, to show the existence of mesons and bary
their bound states, and scattering. One way to study th
properties is to use a lattice regularization of the continuu

Nowadays, much attention has been paid to the so-ca
pentaquark state since its experimental discovery~see Ref.
@1# and references therein!. Here we search for these particle
as bound states of a meson and a baryon in a simpl
version of lattice QCD with only one flavor and at stron
coupling.

Some numerical investigations were also reported on
existence of particles in lattice QCD@2–4#, but these works
do not provide us with a spectral representation for the c
relation functions involved. This type of representation
crucial if we want to establish the correspondence betw
points in the energy-momentum spectrum and singulari
of correlation functions as we do here.

Recently, we started the investigation of the particle sp
trum in lattice QCD. The existence of baryons was shown
a 211 imaginary-time formulation of lattice SU(3) QCD
with 232 Pauli spin matrices and one quark flavor and
small plaquette couplingg0

22 and small hopping paramete
k, such as 0,g0

22!k!1 @5#. In Ref. @6# the existence of
baryons was shown for~211!- and ~311!-dimensional one-
flavor lattice QCD, using 434 Dirac spin matrices. Simila
results for mesons are reported in Ref.@7#. The baryon~me-
son! particle asymptotic mass is23 lnk (22 lnk), where by
asymptotic mass we mean limk→0mk

b/(23 lnk)51 (mk
b be-

ing the baryon mass! and limk→0mk
m/(22 lnk)51 (mk

m be-
ing the meson mass!, which is associated with isolated dis
persion curves in the e-m spectrum. The mass splitting
these particles is also obtained.

In Ref. @8#, the question concerning the existence
baryon-baryon bound states in the e-m spectrum was
lyzed for the~211!-dimensional case up to the two-baryo
threshold (;26 lnk). The absence of such a bound state
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an effect of a local repulsive potential at orderk2. In Ref.
@9#, we considered the question of the existence of mes
meson bound states up to the two-meson thresh
(;24 lnk). Through the effect of a nonlocal repulsive p
tential in space at orderk2 we have found no bound state
These results were obtained using a lattice version of
Bethe-Salpeter~BS! equation. We also mention that in bot
cases the potential obtained is range-one and energy inde
dent.

Here we consider the existence of meson-baryon bo
states below the meson-baryon threshold (;25 lnk) in the
1 parity sector. Again, we employ the BS equation and u
the spectral representations for the two-point meson@9# and
baryon @8# functions, and introduce the four-point functio
for meson-baryon states. We find that the dominant inter
tion between a meson and a baryon occurs at orderk3 and is
a repulsive spatial range-one energy-independent local
tential. At the end, we show the correspondence between
relative coordinate BS equation for zero system momen
and the one-particle lattice Schro¨dinger resolvent equation
with a range-one local potential.

Here we work with the same lattice QCD model as in R
@5#. The partition function is given formally byZ

5*e2S(c,c̄,g)dcdc̄dm(g), where the actionS(c,c̄,g) is

S~c,c̄,g!

5~k/2!( c̄a,a~u!Gab
eem

~gu,u1eem!abcb,b~u1eem!

1 (
uPZ0

3
c̄a,a~u!Mabcb,a~u!2~1/g0

2!(
p

x~gp!,

where the first sum runs overuPZ0
3, e561, and m

50,1,2. ForF(c̄,c,g), the normalized expectations are d
noted by^F&.

We use the same notation and convention as appea
Ref. @5#, and adapt the treatment of symmetries given
Refs.@6,7#. Here, we recall that the Fermi~one-flavor quark
and antiquark! fields ca,a(u), wherea51,2,3 is the color
index, a51,2[1,2 is the spin index, and u5(u0,uW )
5(u0,u1,u2), are defined on the lattice with half-intege
©2004 The American Physical Society02-1
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BRIEF REPORTS PHYSICAL REVIEW D70, 037502 ~2004!
time coordinates uPZ0
3[Z1/23Z2, where Z1/25$61/2,

63/2, . . .%. Letting em, m50,1,2, denote the unit lattice
vectors, there is a gauge group matrixU(gu1em,u)
5U(gu,u1em)21 associated with the directed bondu,u
1em, and we dropU from the notation. For the constructio
of the physical Hilbert spaceH including the e-m operator
we refer the reader to Ref.@5#.

To search for a meson-baryon bound state,
briefly recall some spectral results for the meson a
baryon ~antibaryon! particles. The meson fields~see

Ref. @7#! are given by P(u)5(1/A3)c̄2,a(u)c1,a(u)

and m(u)5(1/A3)c2,a(u)c̄1,a(u); the baryon fields are
given by f2(u)5 1

6 eabcc2,a(u)c2,b(u)c2,c(u)

5c2,1(u)c2,2(u)c2,3(u) and f̄2(u)

5 1
6 eabcc̄2,a(u)c̄2,b(u)c̄2,c(u) 5c̄2,1(u)c̄2,2(u)c̄2,3(u).

By charge conjugation symmetry~see Ref.@5#! we have

Cf̄2(f2)5 if1(2 i f̄1) and CP(m)52P(2m) where

f1 (f̄1) is obtained fromf2 (f̄2), replacing the2 spin

index by1 in the single fermion fields. We refer tof̄1(u)
as the baryon antiparticle and we recall from Ref.@9# that
mesons are their own antiparticles. From now on, we s

press the index2 from f̄2 . We note thatP, f̄ generate
particles and m,f are auxiliary fields that ente
in the definition of the two-point functions. Considering th

Feynman-Kac formula~see Ref. @5#! for (F j (1/2,xW1),

T0
ux0u21F j (1/2,xW2))H , x0Þ0, where j 5m ( j 5b) refers to

mesons~baryons! and we haveFm5P (Fb5f̄), we are led
to define the associated two-point correlation function (x is
the characteristic function, th
asterisk denotes complex conjugation! for mesons,
Gm ( u0,xW1 ;v0,xW2) 5 xu0<v0^m(u0,xW1 ) P(v0,xW2)& 1 xu0.v0

^P(u0,xW1)m(v0,xW2)&* , and that for baryons
Gb(u0,xW1 ;v0,xW2) 5 2xu0<v0 ^f(u0,xW1)f̄(v0,xW2)&1xu0.v0

^f̄(u0,xW1)f(v0,xW2)&* , where x05v02u0PZ. The anti-
baryon two-point function is obtained fromGb by the appli-
cation of charge conjugation symmetry as in Ref.@5#. By
translation invariance and with manipulation of notatio
Gj (u,v)5Gj (u2v). Gj (x), x0Þ0, admits the spectral rep
resentation Gj (x)5*21

1 *T2(l0) ux0u21eilW •xWdl0alW
j (l0)dlW ,

where dl0alW
j (l0)dlW 5dl0dlW „F

j ,E(l0,lW )F j
…H with F j

[F j (1/2,0W ) andE is the product of the spectral families fo
the energy and momentum component operators. For its F
rier transformG̃j (p)5(xPZ3e2 ip•xGj (x), p5(p0,pW )PT3,
we get G̃j (p)5G̃j (pW )1(2p)2*21

1 *T2f (p0,l0)d(pW

2lW )dl0alW
j (l0)dlW , where f (x,y)[(eix2y)211(e2 ix

2y)21, G̃j (pW )5(xPZ2e2 ip•W xWGj (x050,xW ). The spectral
measures admit the following decomposition:dl0alW

j (l0)

5Zj (lW )d(l02e2wj (lW ))dl01dn j (l0,lW ). For the complete
characterization of the spectral measure including exp
sions for dispersions relationswj (pW ), we refer the reader to
Ref. @9# for mesons and Ref.@8# for baryons. We just recal
that points in the spectrum occur as complexp0 singularities
03750
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of G̃j (p), for fixed pW , and the meson~baryon! isolated dis-
persion curves occur as singularities forp056 iw(pW ).

To analyze the existence of meson-baryonPf̄ bound
states, we consider the subspace of states generate
P1@P(1/2,xW1)f̄(1/2,xW2)#, where P1[(1/2)(11P) is the
projection onto the parity~11! subspace, where we reca
from Ref. @5# that P is the parity symmetry defined by th
action on single fermion fields asPca,a5(g0)abcb,a(Pu),
Pc̄a,a5c̄b,a(Pu)(g0)ba , P(AB1cC)5P(A)P(B)
1cP(C) (cPC) whereA, B, andC are Grassmann mono
mials andP(u0,uW )5(u0,2uW ). We point out that parity sym-
metry as defined here is equivalent to a spatial reflection,
a rotation in the space coordinates by the anglep. Later on,
we will see that the restriction to this parity~11! subspace
will give us an appropriate decay of the four-point functio
From the Feynman-Kac formula, forx0Þ0, we
have „P1@P(1/2,uW 1)f̄(1/2,uW 2)#,(T0) ux0u21TW xWP1@P(1/2,uW 3)
3f̄(1/2,uW 4)#…H5G(x), where G(x)5G(u1 ,u2 ,u31xW ,u4

1xW ), with x5(x05v02u0,xW )PZ3 and, foru1
05u2

05u0 and
u3

05u4
05v0,

G~u1 ,u2 ,u3 ,u4!

52^P1@m~u1!f~u2!#P1@P~u3!f̄~u4!#&xu0<v0

1^P1@P~u1!f̄~u2!#P1@m~u3!f~u4!#&* xu0.v0.

The meson-antibaryon four-point function is obtained fro
G(u1 ,u2 ,u3 ,u4) by the use of charge conjugation symmet
of Ref. @5# exactly as we have done forGb. Using parity
symmetry and observing that the meson and baryon fields
treated here, obeyPP(u)52P(Pu), Pf̄(u)52f̄(Pu)
and the same for the other composite fieldsm andf, we get

G~u1 ,u2 ,u3 ,u4!

52^P1@m~u1!f~u2!#P~u3!f̄~u4!&xu0<v0

1^P1@P~u1!f̄~u2!#m~u3!f~u4!&* xu0.v0.

We now give a rough description of our method befo
going into detail. We first obtain a spectral representation
G(x), and its Fourier transformG̃(k). In this way, we can
relate complexk singularities inG̃(k) to the e-m spectrum
Next, using a lattice BS equation in the ladder approximat
~see below!, we look for the singularities ofG̃(p) below the
meson-baryon threshold (;25 lnk).

Taking the Fourier transform and inserting the spec
representations forT0 , T1, andT2, we have

G̃~k!5G̃~kW !1~2p!2E
21

1 E
T2

f ~k0,l0!d~kW2lW !

3dl0dlW „P1@P~1/2,uW 1!f̄~1/2,uW 2!#,E~l0,lW !

3P1@P~1/2,uW 3!f̄~1/2,uW 4!#…H ,
2-2
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BRIEF REPORTS PHYSICAL REVIEW D70, 037502 ~2004!
where G̃(kW )5(xPW T2e2 ik•W xWG(x050,xW ). The singularities in
G̃(k), for k5(k05 ix,kW50) ande6x<1, are points in the
mass spectrum, i.e., the e-m spectrum at system mome
zero.

To analyzeG̃(k), we follow the method of analysis fo
spin models to make the notation closer to that of Ref.@10#.
We relabel the time direction coordinates inG(x) by integer
labels, with ui

021/25xi
0 , uW i5xW i , i 51, . . . ,4, andwrite

D(x1 ,x2 ,x31xW ,x41xW ), x1
05x2

0, x3
05x4

0, x05x3
02x2

0, where
xi and x are points on theZ3 lattice. Now we pass to
difference coordinates and then to lattice relative coordina
j5x22x1 , h5x42x3, and t5x32x2 to obtain
D ( x1 ,x2 ,x3 1 xW ,x4 1 xW ) 5 D ( 0,x22x1 ,x32x11xW ,x4 2x1

1xW )[D(jW ,hW ,t1xW ) and G̃(k)5eik•W tWD̂(jW ,hW ,k), where
D̂(jW ,hW ,k)5(tPZ3D(jW ,hW ,t)e2 ik•t. Explicitly, we have

D~x1 ,x2 ,x3 ,x4!52^P1@m~x1
011/2,xW1!f~x2

011/2,xW2!#

3P~x3
011/2,xW3!f̄~x4

011/2,xW4!&xx
2
0<x

3
0

1P1@P~x1
011/2,xW1!f̄~x2

011/2,xW2!#

3m~x3
011/2,xW3!f~x4

011/2,xW4!&* xx
2
0.x

3
0.

The point of all this is that the singularities ofG̃(k) are the
same as those ofD̂(jW ,hW ,k) and the BS equation fo
D̂(jW ,hW ,k) and its analysis are familiar and have been trea
before in Ref.@10#.

The BS equation in terms of kernels is

D~x1 ,x2 ,x3 ,x4!5D0~x1 ,x2 ,x3 ,x4!1E D0~x1 ,x2 ,y1 ,y2!

3K~y1 ,y2 ,y3 ,y4!D~y3 ,y4 ,x3 ,x4!

3d~y1
02y2

0!d~y3
02y4

0!dy1dy2dy3dy4 ;

x1
05x2

0 ,x3
05x4

0 ,

where D0(x1 ,x2 ,x3 ,x4)5(1/2)@Gm(x12x3)Gb(x22x4)
1Gm(Px12x3)Gb(Px22x4)#, and we use a continuum no
tation for sums over lattice points.D, D0, and K5D0

21

2D21 are to be taken as matrix operators acting on,2
r (A),

the subspace of,2(A) generated by vectors that are invaria
by the spatial reflection (x1 ,x2)→(Px1 ,Px2), where A
5$(x1 ,x2)PZ33Z3/x1

05x2
0 , xW1ÞxW2%. In other words, a vec-

tor that belongs to ,2
r (A) has necessarily the form

c@ f (x1 ,x2)1 f (Px1 ,Px2)# (cPC) with f (x1 ,x2)P,2(A).
In terms of the (jW ,hW ,t) relative coordinates and taking th
Fourier transform int only, the BS equation becomes~see
Ref. @10#! D̂(jW ,hW ,k)5D̂0(jW ,hW ,k)1*D̂0(jW ,jW8,k)K̂(2jW8,
2hW 8,k)D̂(hW 8,hW ,k)djW8dhW 8. With k fixed, D̂(jW ,hW ,k), etc., is
taken as a matrix operator on,2(B), whereB5Z2\$0%; for
k5(k0,kW50W ) on the even subspace of,2(B). K̂(2jW8,
03750
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2hW 8,k), in general, acts as an energy-dependent nonlocal
tential in the nonrelativistic lattice Schro¨dinger operator
analogy.

We now explain the reason behind the chosen s
P1@P(1/2,xW1)f̄(1/2,xW2)#. We want a temporal decay faste

than the baryon-meson decay, which isk5ux3
0
2x1

0u, in order to
avoid complications due to an energy-dependent poten
By the hyperplane decoupling method~see Ref.@10#! one
can show, using the fact that the state above is an eigenve
of parity symmetry with eigenvalue~11!, that K has the

decayk7ux3
0
2x1

0u. To obtain the decayk7ux3
0
2x1

0u we need first
to show that]0

nK50 (n50,1,2,3). The casesn50,1,2 are
easy since we can use a gauge integral over a si
field and imbalance of fermion fields that appears
the expectations, to show, respectively,]0

1K50 and ]0
nK

50 (n50,2). To prove that]0
3K50 we need to show firs

]0
3D50, which at first sight is not clear. We give below

brief calculation in order to show that]0
3D50. The hyper-

plane decoupling method consists of replacing thek in the
action S by the complex parameterkp for all bonds
connecting the hyperplanesu05p and u05p11. For
u0<p,v0 with x1

05x2
05u0<x3

05x4
05v0 we have

]0
3D(x1 ,x2 ,x3 ,x4) 5 6(wW ^m(x1)f(x2)f̄(p,wW )& (0)^f(p

1 l ,wW )P1@P(x3)f̄(x4)#& (0) where^•••& (0) is obtained from
^•••& by setting kp50 and ]0 means thekp derivative
evaluated atkp50. Consider the second term in the expre
sion above summed over translations ofxW3 andxW4 to put the
system space momentum at zero withwW fixed,
i.e., F(x3,x4)5*^f(p1l ,wW )P1@P(x31zW)f̄(x41zW)#& (0)dzW.
Using parity symmetry, followed by the change of variabl
zW85zW12wW , we get 2F(x3 ,x4) from which we conclude
thatF(x3 ,x4)50 and hence]0

3D50. Without this modifica-
tion we would have]0

3KÞ0 and using Cauchy bounds fo
the derivatives ofK we would get only the temporal deca

k3ux3
0
2x1

0u. This improved decay together with the control
perturbations to the ladder approximation lead to a rigor
solution of the BS equation and two-particle spectral res
for the complete model@10#.

We now obtain what we call a ladder approximationL to
K ~see Ref. @8#!. For baryon-baryon~meson-meson! @8#
~@9#! states, the leading order contribution toK, i.e., the lad-
der approximation, was found to be of the orderk2 and local
~nonlocal!, where we recall that the local potential is give
by contributions toL(x1 ,x2 ,x3 ,x4) with x15x3 and x2
5x4. In both cases the pointsx15x350, x25x45x
(uxu51) for baryon-baryon states andxi50, xj5xk5x,

5x (uxu51) (i , j ,k,,P$1,2,3,4% and all distinct! for meson-
meson states are connected by two overlapping bonds
opposite orientation. In our case,L is given by thek3 con-
tribution to D0

21DTD0
21, the first nonvanishing term in the

Neumann series forK5D0
212@D01DT#21, whereDT5D

2D0 is the truncated four-point function. Thek2 contribu-
tion to K comes if we take the same site forf (P) and
f̄(m). Note that, this is the only allowed contribution at th
order. If we consider, for example,x15x450, x25x35x
(uxu51) we would have zero due to imbalance of fermio
2-3
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BRIEF REPORTS PHYSICAL REVIEW D70, 037502 ~2004!
fields appearing in the expectations. We get the contribu
1
3 (2k/2)2 ^ c2,ac̄1,ac̄2,bc1,bc̄a1 ,a1

cb2 ,a1
(0) & 03^cb1 ,a2

c̄a2 ,a2
ff̄(ej )&0Ga1b1

eej
Ga2b2

2eej
, where^•••&0 is the expectation

^•••& settingk50. We now analyze the first factor of th
last expression. Fora5b, by saturation in the color we ge
a1Þa and hencea15b2. Using the following property ofG
matrices,Geej

G2eej
50, we get zero for the first factor. Fo

aÞb the first factor is zero by fermion component imbalan
for a151,2,3. We therefore get zero for thek2 contribution
to K, hence, excluding a meson exchange interpretation
tween two pairs of particles separated by one lattice u
Proceeding as in the calculation above we get thek3 contri-
bution, which is local and given by pointsx15x450, x2
5x35x (uxu51) connected by three overlapping bonds w
the same orientation. TheO(k3) contribution toD comes
from computations of three-fermion~and three-antifermion!
exchange contributions between two pairs of meson
baryon particles such that we cannot identify them with
baryon @recall that a baryon field is given byf2(u)
5c2,1(u)c2,2(u)c2,3(u)] due to the spin index@we get,
e.g., c1,1(u)c2,2(u)c2,3(u)]. We obtain, for c8(k)
52 3

16 k3, L(x1 ,x2 ,x3 ,x4)5c8(k)( j 51,2;e561d(x22x1
2eej )@d(x42x1)d(x32x2)1d(x41x1)d(x31x2)# and, as
L̂ acts on ,2

r (A), we have L(x1 ,x2 ,x3 ,x4)
52c8(k)( j 51,2;e561d(x2 2 x1 2 eej )d(x4 2 x1)d(x3 2x2),
and hence, in relative coordinates,L̂(jW ,hW ,k0)
52c8(k)( j ,ed(jW2hW )d(jW2eej ), where we use the abbrev
ated notationk0 for k5(k0,kW50W ), which we will omit be-
low. In the lattice Schro¨dinger operator analogy,L̂ corre-
sponds to a local energy-independent and repulsive poten

The BS equation in the ladder approximation isD̂(jW ,hW )
5D̂0(jW ,hW )12c8(k)( j ,eD̂0(jW ,eej )D̂(eej ,hW ) and we now
obtain its solution. Following Ref.@8# we solve the
equation above for the variablesD̂(ej ,hW ) ( j 51,2) to get
@with c(k)54c8(k)] D̂(jW ,hW )5D̂0(jW ,hW )1c(k)( jkD̂0(jW ,
ej )(Mjk /W)D̂0(ek,hW ) where M denotes the 232 matrix
with entries M115M22512c(k)D̂0(e1,e1), M125M21

52c(k)D̂0(e1,e2). We see that the only singularities o
D̂(jW ,hW ) on the imaginaryk0 axis, and below the meson
baryon threshold, occur as zeros ofW(k0)[detM.
. D

n
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We now obtain a representation forD̂0 that is to be used
to determine a bound state. We maintain only the produc
one meson and one baryon contributions toD̂0(jW ,hW ,k0) to
get D̂0(jW ,hW ,k0).*T2M (pW ,k0)cospW•jW cospW•hWdpW where

M ~pW ,k0!5~2p!22G̃m~pW !G̃b~pW !

1~2p!2
Zm~pW !Zb~pW !

eik0
2e2wm(pW )2wb(pW )

.

To determine the bound state we must search for the zero
W(k0)512c(k)@D̂0(e1,e1)7D̂0(e1,e2)#. Following the
same analysis of Ref.@8#, one can use the Cauchy-Schwa
inequality to showuD̂0(e1,e2,k05 ix)u<D̂0(e1,e1,k05 ix)
and hence exclude the bound state from the spectrum, s
in our case this givesW(k0)>1.

We now give the representation ofD̂0 that is to be used to
establish the connection between the BS equation and
lattice Schro¨dinger resolvent equation. We findZj (pW )
.(2p)22e2wj (pW ) ( j 5m,b); wm(pW ).mk

m1cmk2@2D̃(pW )#,

cm51/4 ~see Ref.@9#! and wb(pW ).mk
b1cbk3@2D̃(pW )#, cb

51/8 ~see Ref.@5#! where2D̃(pW )52( j 51,2(12cospj) and
mk

m (mk
b) is the meson~baryon! mass. Lettingk05 ix

5 i (mk
m1mk

b2 ē) so thatē.0 is the meson-baryon bindin

energy, we have, ifē!1,

D̂0~jW ,hW ,k0!.~2p!22E
T2

cospW •jW cospW •hW

~cmk21cbk3!@2D̃~pW !#1 ē
dpW .

In the context of the approximations above in the ladder
equation, we make the identificationsa5cmk21cbk3, l

5 3
8 k3, V5( j ,ed(jW2hW )d(jW2eej ) andz52 ē in the lattice

Schrödinger resolvent equation, (H2z)215(H02z)21

2l(H02z)21V(H2z)21, where H5H01lV, H0
52aD @D is the lattice Laplacian on,2(Z2)], and V is a
local potential acting on the even subspace of,2(Z2\$0%).
Thus a positivel corresponds to a repulsive potential.
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