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Meson-baryon bound states in a2+1)-dimensional strongly coupled lattice QCD model
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We consider bound states of a meson and a bafg@son and antibarygrin lattice QCD in a Euclidean
formulation. For simplicity, considering the parity sector we analyze an SU(3) theory with a single flavor in
2+1 dimensions and two-dimensional Dirac matrices. We work in the strong coupling regime, i.e., in a region
of parameters such that the hopping parametisrsufficiently small ande> ggz, wheregg2 is the pure gauge
coupling. There is a mesaibaryon particle with asymptotic mass 2 Inx (— 3 In k) and an isolated disper-
sion curve. Here, in a ladder approximation, we show that there is no meson Karyoeson-antibaryon
bound state solution to the Bethe-Salpeter equation up to the meson-baryon threshdddr(«). The ab-
sence of such a bound state is an effect of a spatial range-one repulsive potential that is local in space at order

«%, i.e., the leading order in the hopping parameter
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In quantum chromodynami¢®QCD), it is fundamental to  an effect of a local repulsive potential at ordet. In Ref.
establish on a rigorous basis the low energy-momenturi9], we considered the question of the existence of meson-
(e-m) spectrum of particles and their bound states, and irmeson bound states up to the two-meson threshold
particular, to show the existence of mesons and baryong;~ —4 In«). Through the effect of a nonlocal repulsive po-
their bound states, and scattering. One way to study thed@ntial in space at ordet? we have found no bound state.
properties is to use a lattice regularization of the continuumThese results were obtained using a lattice version of the

Nowadays, much attention has been paid to the so-calleBethe-Salpete(BS) equation. We also mention that in both
pentaquark state since its experimental discovese Ref. Cases the potential obtained is range-one and energy indepen-
[1] and references thergirHere we search for these particles dent. ] )
as bound states of a meson and a baryon in a simplified Here we consider the existence of meson-baryon bound
version of lattice QCD with only one flavor and at strong states_ below the me.son-baryon threshold~5 an.) in the
coupling. + parity sector. Again, we employ the BS equation and use

Some numerical investigations were also reported on th he spectral rep.resentatlorjs for the two-point me[:sﬁranq

. ; . . aryon[8] functions, and introduce the four-point function
existence of particles in lattice QC[R2—4], but these works f b tates. We find that the dominant interac-
do not provide us with a spectral representation for the cor,or meson-baryon states. ind tha minant interac

. ) . . .~ ““'fion between a meson and a baryon occurs at otdemnd is
relat_|on_ functions mvolved._ This type of representation isy repulsive spatial range-one energy-independent local po-
crgmal _'f we want to establish the correspondenge betwe_eféntial. At the end, we show the correspondence between the
points in the energy-momentum spectrum and singularitiegg|ative coordinate BS equation for zero system momentum

of correlation functions as we do here. _ and the one-particle lattice Sclaioger resolvent equation
Recently, we started the investigation of the particle specyth a range-one local potential.

trum in lattice QCD. The existence of baryons was shown in  ere we work with the same lattice QCD model as in Ref.
a 2+1 imaginary-time formulation of lattice SU(3) QCD, [5]. The partiton function is given formally byZ

with 2X2 Pauli spin matrices and one quark flavor and for_ - s, y.g) 4./ 477 . — .
small plaguette coupling, > and small hopping parameter Je dydydu(g), where the actios(y,.g) is

K, such as 6gy2<k<1 [5]. In Ref.[6] the existence of S(¢,4,9)

baryons was shown fd2+1)- and(3+1)-dimensional one-

flavor lattice QCD, using #4 Dirac spin matrices. Similar =(kl2)>, Za,a(u)rze;(gu,u+ee#)abwﬁ,b(u_l' ee”)
results for mesons are reported in Ré&f|. The baryon(me-

son particle asymptotic mass is3 In x (— 2 In ), where by _

asymptotic mass we mean ljmom®/(—3Inx)=1 (m? be- + 23 llfa,a(U)Ma,elﬂﬁ,a(u)—(l/gg)Ep x(9p),

ing the baryon magsand lim,_om/(—2 Inx)=1 (m]" be- ue’y
ing the meson magswhich is associated with isolated dis- . 3
persion curves in the e-m spectrum. The mass splitting foyvhere the fII’Sl sum runs oveneZy e==1, and u
these particles is also obtained. =0,1,2. ForF(¢,,9), the normalized expectations are de-
In Ref. [8], the question concerning the existence ofnoted by(F).
baryon-baryon bound states in the e-m spectrum was ana- e use the same notation and convention as appears in
lyzed for the(2+1)-dimensional case up to the two-baryon Ref. [5], and adapt the treatment of symmetries given in
threshold ¢ — 6 In k). The absence of such a bound state isRefs.[6,7]. Here, we recall that the Ferrfione-flavor quark
and antiquark fields ¢, ,(u), wherea=1,2,3 is the color
index, a=1,2=+,— is the spin index, andu=(u°u)
*Electronic address: afneto@if.sc.usp.br =(u°,ul,u2), are defined on the lattice with half-integer
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time coordinates UEZSEZUZX 72, where Z;,={+1/2, of Gi(p), for fixed p, and the mesoibaryon isolated dis-
+3/2,...}. Letting e*, ©=0,1,2, denote the unit lattice persion curves occur as singularities ﬁﬂ': iiw(ﬁ)_

vectors, there is a gauge group matrid(gyex ) To analyze the existence of meson-barydrs bound
=U(gy,u+ex) ' associated with the directed bomglu  states, we consider the subspace of states generated by
+e*, and we dropJ from the notation. For the construction p 11(1/2x,)$(1/2x,)], where P, =(1/2)(1+P) is the

of the physical Hilbert spacg( including the e-m operators projection onto the paritf+1) subspace, where we recall

we refer the reader to Reff5]. from Ref.[5] that P is the parity symmetry defined by the
_To search for a meson-baryon bound state, Weyction on single fermion fields B a= (Y0) app.a(PU),
briefly recall some spectral results for the meson anqz,g :EB (PU)(70) 5 P(AB+cC)=P(A)P(B)
a,a ,a a

baryon (antibaryon particles. The meson fieldqsee +cP(C) (cel) whereA, B, andC are Grassmann mono-
Ref. [7]) are given by IT(u)=(13)¢— oW a(U)  mials andP(u®,u) = (u® —u). We point out that parity sym-
and w(u)=(1/3)¢_ o(u)¥, o(u); the baryon fields are metry as defined here is equivalent to a spatial reflection, i.e.,
given by d_(u)= %eabcz,//_ya(u) Yo p(u)p_ o(u) a rotation in the space coordinates by the angld_ater on,
= (U U 5(u) and &_(u) W'?I will see that the re;trict&on to tf}ishpafri(y%l) _subfspacg
_1_ — — _ — — will give us an appropriate decay of the four-point function.
B 5 €abet/— a(U) Y p(U) - o(U) = (L) th—p(U) i 5(U). From the Feynman-Kac formula, forx°#0, we

y charge conjugation symmetrisee Ref.[5]) we have h (P [TT(L/240) $(1/240)] (T0)|Xo‘*1'|_=;|3 [T(L/240,)

— . — ave u us 1, u
Co(¢)=id.(~id.) and ClI(w)=—T1(~p) where 2, 0. =g(lx;;S where G(X) = G(uy .ty 0 U
. (@) is obtained from¢_ (¢_), replacing the— spin LT A s .

J— =+ = = — / = =

index by + in the single fermion fields. We refer i (u) X), with x=(x"=v"—u",x) 27 and, foru; =u;=u" and

0_,,0_ 0
S Us;=uz=uv",
as the baryon antiparticle and we recall from RéX| that 3T ATl

mesons are their own antiparticles. From now on, we sup-

. — — G(uyg,Uz,Uz,Uy)
press the index- from ¢_. We note thatll, ¢ generate o
particles and wu,¢ are auxiliary fields that enter =—(P[m(uy) ¢(uz) IP[TI(u3) d(Us) 1) xyo<,0
in the definition of the two-point functions. Considering the _ .
Feynman-Kac formula(see Ref.[5]) for (®I(1/2x,), + (P [11(u1) p(ux) IP [ (Us) ¢(Ua) )* Xuos -

T 10I(1/2%,))4,, x°#0, wherej=m (j=b) refers to

0 (1/2X2)), X W m J b(_J— ) The meson-antibaryon four-point function is obtained from
mesonsbaryons and we haveb™=1I (®°=¢), we areled g, . u. u,) by the use of charge conjugation symmetry
to define the associated two-point correlation functigng ¢ Ref. [5] exactly as we have done f@°. Using parity
the characteristic function, the  symmetry and observing that the meson and baryon fields, as
asterlska dengtes complex cgnjugablotﬁor MesoNns,  oated here, obeyTI(u)=—I1(Pu), Pg(u)= —g(Pu)
G™( UOLX1;UO'X22 = Xuo=u0o(#(U®%1) TI(v°, %)) + Xu0=,0  and the same for the other composite fieidand &, we get
(MW x)u(0°x,))*, and that for  baryons,
G_b(uo,xl;volxz) = — Xw0=u0 (H(U°,X1) B(0°,X2)) + Xy0 0 G(ug,Uz,U3,Uy)
(H(U0,%1) H(v°,%5))*, where xX°=v°~uleZ. The anti- B —
baryon two-point function is obtained fro@° by the appli- = —(P.[u(uy) é(uz) JIL(Uz) p(Us)) xyo<,0
cation of charge conjugation symmetry as in Ré&f]. By " oy *
translation invariance and with manipulation of notation, (P [TT(u1) ¢(U2) ] 1(Us) (Ua))" X000
Gl(u,v)=G)(u—v). G/(x), x°+0, admits the spectral rep-

: ifvy— 1 0y[x% =1 4iN-X NN

resentation j GO(X)» f*lsz()‘j ) , € jdx"“x(_)‘ )d)‘} going into detail. We first obtain a spectral representation for
where dkj’ai()‘ JdN =d\odx(PLENTN) @)y, with @) Gy and its Fourier transforng(k). In this way, we can
=®/(1/2,0) and& is the product of the spectral families for rejate complex singularities inG(k) to the e-m spectrum.
the energy and momentum component operators. For its Foext, using a lattice BS equation in the ladder approximation
rier transformG/(p) =2, ;58" PG/ (x), p=(p°p) €T3; (see below, we look for the singularities o(p) below the
we get  Gl(p)=G'(p)+ (27)? L fr2f(p°.\%8(p  meson-baryon threshold{—5 In ).

—):)d)\oai:()\o)d):, where  f(x,y)=(e*—y) 1+ (e X Taking the Fourier transform and inserting the spectral
9L Gj(ﬁ)=EXEZze*ip'XGj(x°=0,§). The spectral representations fofy, T4, andT,, we have

. . . . ] 0
measures admit the following decompositiotoa,(\")

We now give a rough description of our method before

1
=ZI(N) S(N°—e W Myd\%+dpi(AON). For the complete g(k):g(k)+(27)2f fzf(kO,K0)5(k—K)
characterization of the spectral measure including expres- T
sions for dispersions relations (p), we refer the reader to X dyod; (PL[TI(1/201) b(1/205)],E(NO,X)
Ref.[9] for mesons and Ref8] for baryons. We just recall o R
that points in the spectrum occur as compisingularities X P [11(2/2u3) p(1/2U4) 1)
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where G(K) =3 — 26~ *%g(x°=0x). The singularities in
G(K), for k=(k°=iy,k=0) ande®X<1, are points in the

PHYSICAL REVIEW Y0, 037502 (2004

- ;;’,k), in general, acts as an energy-dependent nonlocal po-
tential in the nonrelativistic lattice Schiimger operator

mass spectrum, i.e., the e-m spectrum at system momentu@alogy.-

Zero.

To analyzeG(k), we follow the method of analysis for
spin models to make the notation closer to that of REd).
We relabel the time direction coordinatesd(x) by integer
labels, with u®—1/2=x?, U;=x;, i=1,...,4, andwrite
D(X1,X2, X3+ X, X4+ X), XI=x3, x3=x3, x°=x3—x3, where
x; and x are points on the/® lattice. Now we pass to

difference coordinates and then to lattice relative coordinatets

E=X,—Xq, n=X4—Xz, and T=X3—X, to obtain
D(Xl,XZ,X3 + i,X4+ )-()) = D(O,Xz_)ilé,X3_Xl+)—(),X4 _Xl
+X)=D(& 7,7+x) and G(k)=e*"D(& k), where
D(£ 7.K)==,_,D(& 5 7)e * 7. Explicitly, we have
D (X1,Xz,X3,X4) = — (P [ (X3+1/2X1) p(x3+ 1/12X,) ]
XTLOG+ 112X3) X+ 112X) X0
+PLIIOC+1/2X,) X3+ 1/2%,)]
X X3+ 12X5) B(X5+ L12Xg))* X305

The point of all this is that the singularities G{k) are the
same as those of)(é,;;,k) and the BS equation for

D(£,7,k) and its analysis are familiar and have been treate@YStem

before in Ref[10].
The BS equation in terms of kernels is

D(X1,X2,X3,X4) =Do(X1,X2,X3,X4) + f Do(X1,X2,Y1,Y2)

X K(ylay21y3aY4)D(y3aY4yX31X4)
X 8(y]—y9) 8(y3—ydy:dy,dysdy,;

0_,0 ,0_,0
X1=X5,X3=Xq,

where  Do(X1,Xz,X3,Xq) = (1/2)[ G™(X1— X3) GP(X,— X,)

+G™(Px;—x3) GP(Px,—x4)], and we use a continuum no-

tation for sums over lattice point®, Dy, and K=D,*
—D ! are to be taken as matrix operators actingl§A),

We now explain the reason behind the chosen state
P.[I1(1/2x1) $(1/2X5)]. We want a temporal decay faster
than the baryon-meson decay, whichd®s X1, in order to
avoid complications due to an energy-dependent potential.
By the hyperplane decoupling methdsee Ref[10]) one
can show, using the fact that the state above is an eigenvector
of parity symmetry with eigenvalu¢+1), that K has the
decayx”*5Xl. To obtain the decayx””s 1l we need first
0 show thatdgK=0 (n=0,1,2,3). The cases=0,1,2 are
easy since we can use a gauge integral over a single
field and imbalance of fermion fields that appears in
the expectations, to show, respectivelfk =0 and JjK
=0 (n=0,2). To prove that?SK=0 we need to show first
&8D=0, which at first sight is not clear. We give below a
brief calculation in order to show tha?@D:O. The hyper-
plane decoupling method consists of replacing &him the
action S by the complex parametek, for all bonds
connecting the hyperplanes®=p and u’=p+1. For
wW=<p<v® with x{=x3=u’<x3=x3=0v" we have
I3D (X1 X2 X3, %a) = 62 w(x1) B(X2) (P, W) O B(p
+1,W) P [TI(X3) d(x4) 1) where(- - -} is obtained from
(---) by setting k,=0 and d, means thex, derivative
evaluated ak,=0. Consider the second term in the expres-

sion above summed over translations<gfandx, to put the
space momentum at zero witv ~ fixed,
i.e., F(X3,X) ={p(p+1,W) P [TI(x3+2) p(x4+2)])Odlz
Using parity symmetry, followed by the change of variables
7' =z+2w, we get —F(x3,x,) from which we conclude
thatF (x3,x,) =0 and hence&3D = 0. Without this modifica-
tion we would haver?gKaﬁO and using Cauchy bounds for
the derivatives oK we would get only the temporal decay

<351l This improved decay together with the control of
perturbations to the ladder approximation lead to a rigorous
solution of the BS equation and two-particle spectral results
for the complete moddl10].

We now obtain what we call a ladder approximatioto
K (see Ref.[8]). For baryon-baryon(meson-meson|8]
([9]) states, the leading order contributionKoi.e., the lad-
der approximation, was found to be of the or@érand local
(nonloca), where we recall that the local potential is given
by contributions toL(X;,X5,X3,X4) With X;=X3 and X,

the subspace df,(.A) generated by vectors that are invariant =Xs- In both cases the points;=x3=0, X;=X4=X

by the spatial reflection x(,x,)— (Px;,Px,), where A
={(X1,%) € 23X Z3/x9=x3, X1#X,}. In other words, a vec-

tor that belongs to¢5(A) has necessarily the form

C[f(X1,X0) +T(Pxy,Pxp)] (ceC) with f(Xq,Xp) € €o(A).

In terms of the 5,77,7') relative coordinates and taking the

Fourier transform inr only, the BS equation becomésee
Ref. [10) D(& 7,k)=Do(é 7.k)+Do(£,E KK(-E,
- 7", K)D(7n',n,k)dé'd7n’. With k fixed, D(&, ,k), etc., is
taken as a matrix operator di3(B), whereB=7%\{0}; for
k=(k°k=0) on the even subspace df,(B). K(—&,

(Ix|=1) for baryon-baryon states and=0, x;=x=x,
=x (|x|]=1) (i,j,k,€ €{1,2,3,4 and all distinct for meson-
meson states are connected by two overlapping bonds with
opposite orientation. In our cask,is given by thex® con-
tribution to D, *D"D, %, the first nonvanishing term in the
Neumann series fok=D,'—[Dy+D"]"%, whereD"=D
—Dy is the truncated four-point function. The? contribu-
tion to K comes if we take the same site far (II) and
¢(w). Note that, this is the only allowed contribution at this
order. If we consider, for exampley; =x,=0, X,=X3=X
(Ix|=1) we would have zero due to imbalance of fermion-
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fields appearing in the expectations. We get the contribution e now obtain a representation fx, that is to be used
$(—«l2)%( (,[f_’al//+,al,[/_YbI,/I_,.'b(//al'all,[/ﬁZ,al(O)>0X<(/fﬁlvaz to determine a bound state. We maintain only the product of

— — i i . . N~ Z L0
¢a2‘a2¢¢(ej)>01"ee] F—eell where(- - )0 is the expectation one meson and one baryon contributionsDig( ¢, 7,k”) to

a8 @B N (E 210y > 1.0 sz o2
(---) settingk=0. We now analyze the first factor of the 9etDo(§,7,k%)=[rzM(p,k%)cosp- £ cosp- 1dp where
last expression. Foa=b, by saturation in the color we get M(ﬁ kO)z(Zw)ffém(ﬁ)'éb(ﬁ)
a;#a and hencey, = 3,. Using the following property of '
matrices, T~ <¢ =0, we get zero for the first factor. For Z"(p)Z°(p)

a# b the first factor is zero by fermion component imbalance + (ZW)Zeiko
for a;=1,2,3. We therefore get zero for thé contribution

to K, hence, excluding a meson exchange interpretation beFo determine the bound state we must search for the zeros of
tween two pairs of particles separated by one lattice unitw(k%=1-c(x)[Do(el,e!)FDy(et,e?)]. Following the
Proceeding as in the calculation above we getdheontri-  same analysis of Ref8], one can use the Cauchy-Schwarz
bution, which is local and given by points =x4=0, X, inequality to show|Dy(e',e?k%=iy)|<Dy(e',e,k=iy)
=X3=X (|x|=1) connected by three overlapping bonds withand hence exclude the bound state from the spectrum, since,
the same orientation. Th&(«®) contribution toD comes in our case this givew(k%)=1.

from computations of three-fermiof@nd three-antifermion We now give the representation Bf, that is to be used to
exchange contributions between two pairs of meson angstablish the connection between the BS equation and the
baryon particles such that we cannot identify them with B attice Schidinger resolvent equation. We fin@i(p)
baryon [recall that a baryon field is given byp_(u) _ 2 —wWi(P) (i CmEEN e P

=y (U)oU) 5(u)] due to the spin indexwe get, =(2m) e (j=m.b); W(p)=m,+Cmx —A(P)],
e.g. . (Wi (u)_u)]. We obtain, for c'(x) Cm=1/4 (see Ref[9]) andw’(p)=m2+cor® —A(p)], cp
— 3

—e WP -w(p)

=— EK3, L(X1,X2,X3,X4) =C'(K)Zj=12e=+10(Xo— X1 =1/8 (see Ref[5]) where—Z(ﬁ)=22j:1,2(1—cospj) and
—€€)[ 8(X4—Xq) O(X3—Xp) + 8(X4+X1) 8(X3+Xp) ] and, as m" (mﬁ) is the meson(baryon mass. Lettingk®=iy
L acts on ¢5(A), we have L(X;,X2.X3,Xs)  =i(m™+mP>—¢) so thate>0 is the meson-baryon binding
=2¢"(K)Zjo1 2= 216Xy — X — €€)) 8(X4 = X1) b:(X3 —Xa), energy, we have, iE<1,

and hence, in relative coordinates,L(E,;;,ko) Lo ..
:2C,(K)E.j,55(0§_ 7) 6(5—0 iei)Lwherfa we use.the apbrevi— Do(é,;],ko):(ZW)_ZJ 2 2cosp. icosE. 4
ated notatiork® for k= (k%k=0), which we will omit be- T2 (Cpr“+Cpr)[—A(p) ]+ €

low. (Ijn :he Ilattlcle Schrm.n%er opgzrattor z(ajnalog?t,_ corret- i In the context of the approximations above in the ladder BS
Sponds 1o a local energy-independent and repulsive potenti guation, we make the identificatiorss=cx2+cpxs, A

Th% I%S equation in Atheelad(_jeAr apprgximatiorﬂsg,n) =343, V=Ej,€5(<§— 7)8(E— eel) andz=— e in the lattice
=Do(&,m)+2¢" (k)2 Do(& ee')D(e€!, 7) and we now  schrglinger resolvent equation, H—2) '=(Hy—2) !
obtain its solution. Following ARe_f.[?] we solve the _\(H,-2)"'V(H-2)"%, where H=Hy+\V, H,
equation above for the variabld3(e',n) (j=1,2) to get =-—aA [A is the lattice Laplacian off,(Z?)], andV is a
[with c(k)=4c'(x)] D(E 5)=Dg(E, 7;)+C(K)Ejk|50(§: local potent.ir_:ll acting on the even subspgce(fgfzz\{_o}).
ej)(Mjk/\N) Do(ek’;]) where M denotes the 2 matrix Thus a positivex corresponds to a repulsive potential.
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